Analysis, Clemson Preliminary Exam 2023

Hamilijaona Elmar

Problem 1

Prove the following statements.

(a) I {zn},>; € R is a Cauchy sequence that has a convergent subsequence, then {z,}, ., is
convergent.
(b) A subset A C R is bounded if and only if lim a,z, = 0 for all {z,},., € A and {a,},., € R

with lima,, = 0.

Solution. (a) Let € > 0 be given. Let {z,,},., be the convergent subsequence of {z,},., and let
x be its limit. There exists N; € N such that |z,, — z,| < § whenever i > N;. Also there exists
Ny € N such that |z, — x| < § for all n,m > N, because {w,},., is a Cauchy sequence. Then we
have for all 4 > max {N1, No}, |v; — 2| < |25 — 2| + |20, — 2| < § + § = ¢(Remember that n; > i
for all i € N.) Thus {x,},., converges to the same limit z.

(b) If A is bounded, there exists C' > 0 which depends only on A such that |z| < C for all x € A.
If we take any sequence {z,},.; € A and any sequence {a,},.y € R with hm a, = 0, we shall
have hm lanz,| < th la,| = 0. Thus hm ant, = 0. Conversely, assume the “conditions are met

for any suoh sequences If A was not bounded everytime we choose an element ¢ > 0, there would
exist z. € A such that |z.| > ¢,. Thus, to each n > 1 we could associate some x,, € A satisfying
|z,| > n. Define a,, := % > 0 for n € N. The sequence {a,},., € R satisfies lim a, = 0. However,
|znan| > = /n with hm v/n = oo making hm |anx,| = 0o. Thus llm an T, 7 0 which contradicts
the hypothe51s Therefore A must be bounded

Problem 2

Consider the Banach space C ([0, 1]) consisting of all continuous functions f : [0, 1] — R, equipped

with the supremum norm || ||, = sup |f (z)|. Let K : [0,1] x [0,1] = R be a continuous function.
z€[0,1]

Consider the operator T : C ([0,1]) — C ([0, 1]) given by

:/0 K (z,y) f (y) dy.
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(a) Prove that T is bounded.



(b) Find ||T||. Justify your answer.
Solution. (a) For all f € C([0,1]), we have that

1
/ny dy' sup/ K (o)l dy ) 1f]
zE[O,l] 0

ITfllo = sup |Tf(2)] < sup

z€[0,1] z€[0,1]

Thus [|T|| < sup / |K (z,y)|dy < sup |K (x,y)| < oo, making 7" bounded.

z€[0,1] (z,y)€[0,1]?

1
(b) From part (a), we know already that ||T|| < sup / |K (x,y)| dy. Additionally, consider
2€[0,1] Jo

for each € [0,1] the map f* defined by f*(y) = sgn (K (z,y)). Since the map sgn can be
approximated by continuous functions and since y — K (x,y) is continuous, the map f* actually can
also be approximated by continuous functions. For example, the function f7 (y) := He_n% -1,
approximates f*, with || f¥|| . < 1. So, yes, the sign function of a continuous function can
be approximated uniformly by a sequence of continuous functions. Working with { fff}n>1
instead of f*, we get

Th @) = | [ K £ ] = i@ = [ K @ K @)= [ K @l

Taking the supremum over z € [0, 1], we have that

1
sup / |K (z,y)|dy = sup lim|Tf; (z)| = hm sup |Tfy (x)] =lim sup ||Tf7 || < ||l
z€[0,1] JO z€l0,1] "™ " z€l0,1] " zel0,1]

The bound is therefore tight. Consequently, ||T'|| = sup / | K (x,y)] dy.

z€[0,1]

Problem 3

Let H be a Hilbert space. Recall that a sequence {fn}@l converges weakly to f € H if lim(f,, g) =
(f,g) for all g € H. We want to prove the following.

(a) A sequence {f,},5; € H converges to f € H if and only if lim||f,|| = | f|| and f, converges
weakly to f.

(b) Let T be a bounded linear operator on H. If {f.}, ., converges weakly to f, then {T'f,}
converges weakly to T'f.
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Solution. (a) If f, LN f, then for all ¢ € H we have (f, — f,9) < || fu— fll|lg]] converges
to 0 making f, to converge to f weakly. Similarly, the continuity of the norm guarantees that

lim | fall = ||tim £ | = 1171

Now we prove the converse.

Assume that we have lim, || f,|| = || f|| and f,——f, respectively.
It follows

1 = FIIP = Fam fo Sam £) = WU = (s )= Fod = WFIPHLAIE =N = 0, a5 — oo

Hence lim, || f, — f|| =0, -i.e., f, converges (strongly) to f.

(b) Assume {f.},., C H converges weakly to f € H. Let g € H be given. Define ¢ : H — C
by £(f) = (T'f,g). It is immediate to see ¢ is linear. It is also bounded. Indeed, the Cauchy-
Schwarz inequality provides for any h € H, |€(h)| = [(Th,g)| < ||Th| |lg]l < [T |lg]l [|2||- Then
14l < |7 lgll < oo because T is bounded. Thence ¢ is a bounded linear functional. Riesz
representation theorem therefore guarantees that there must exist £ € H such that ¢ = (.,£). By

weak convergence, it follows £ (f,,) = (fn, &) = (f,&) = L(f), -i.e., im(T f,,, g) = (T'f, g) as desired.

Problem 4

Let H be a Hilber space and let T, : H — H be a sequence of bounded linear operators on H with
|T.]] < 1 for all n € N. Suppose that for every vector z € H the following holds:

T:Tx =0,
for all 7,5 € N with ¢ # j.
(1) Prove that for every i, j € N, the ranges of T; and T} are orthogonal.
(2) Prove that for every x € H the sequence {T,,x},., is a Cauchy sequence.
(3) Let T': H — H be defined by Tz = lim,, T,,x. Prove that T is bounded and ||T|| < 1
Solution. (1) For all z,y € H, we have (T, T;y) = (x,T;T;y). Whenever i # j, T;"T;y = 0, hence
(T, Tyy) = 0.
(2) By orthogonality, for all N € N:

N N 2 N
z:HTan2 = ZTnx ZTn:p a:—ZTa: lz|)?.
n=1 n=1 n=1

N
x being fixed, this actually means that Z |T,z||> < oo. Hence lim||T,z||> = 0. Thus for all
n=1

(m,n) € N%
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| Toa = Ta|* = | Tz + | Tonz]|* — 0, asm,n — oo.

(&) Let & € H be given. For all n € N, [Tyl < [ TullJloll < [lz]. Then lim, | Tz < 2]l By
continuity, we have lim,, [|T,,z| = ||lim, T,,z|| = ||Tz||. Hence ||Tz|| < ||z|| which implies ||T"]] < 1
therefore T is proved to be bounded as desired.

Problem 5

Consider the real line R equipped with the usual Euclidean metric.

(a) Prove that if A, B C R are disjoint closed sets, then there exist disjoint open sets U,V C R
such that AC U and B C V.

(b) Let m* denote the Lebesgue outer measure on R. Prove that for any two sets A, B C R such
that inf,e 4 pep |a — b] > 0 we have

m* (AU B) = m* (A) +m* (B).

Solution. (a) Thanks to Rhoklin, we can construct the following sets:

U:={xeR:dist(z,A) <dist (z, B)} , andV = {x € R:dist (z, A) > dist (z, B)}

The functions = +— d(x, A) and x — d(z, B) being continuous, the sets U and V' are open sets.
Clearly we have A C U and B C V.
PS: d(z,C) :=inf.cc |z — ¢|.

(b) Let A, B C R be any subsets of R satisfying the hypothesis, -i.e., d (A, B) > 0. We shall use
B (R) for the Borel 0 — algebdra on R. Then

m* (K)=inf{m([): I € B(R) andI D K}
where m(I) indicates the length of 1.
Recall. A map A : P (Q) — [0, 0] is called an outer measure on P (Q2) if it satisfies the following
conditions: (a) A (0) = 0; () If A C B then A (A) < A (B), -i.e., A > 0; (aa) if {A,}, oy € P (Q),
then for any A € P (Q) such that A C [J,, oy, we have A (A) < >, A(A,). This last condition is
equivalent to A (U, An) <D 02 A(Ay).

Let A be an algebra and u a measure, -i.e., a map which is o-additive and non-negative on A. The
outer measure associated to p is the map p* : P (2) — [0, 0ol by:

1 (A) := inf {Z,u (A) : AC UpenApand {A,}, ., €R (A)} (%)

neN
where R (A) indicates the set of all the countable covers of A by elements taken from .A.
If A was actually a oc—algebra, then becomes p* (A) = inf{u(B): B € Aand B D A}. One

could also define u, (A) = sup{p(B): B € Aand B C A}, and expect to have . (A) = p* (A) for
any measurable set in the sense of the following definition.
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Let A be an outer measure on 2. A subset A C (Q is said to be A—measurable if, for any B C (2,
A(B)=A(BNA)+ (BN A°).

Since m* is an outer measure, it is o—subadditive. Then m* (AU B) < m* (A) + m* (B). Conse-
quently, we shall only prove that m* (AU B) > m* (A) + m* (B). Let § > 0 be given. There exists
I € B(R), the Borel o—algebra, AU B C [ such that

m*(I)+d6>=m(l) =2m"(AUB).

We claim d (Z, E) > 0, where S is the closure of S for any given set S. Let (a,b) € Ax B be arbitrary.
There exists (ay, by) € AX B such that (a,b) = limy, (ay, b,). For all k € N, d (ay, by) > d (A, B) > 0.
Then d (a,b) = limy, d (ax, by) > d (A, B) > 0. Therefore d (A, B) = inf , yeaxgd(a,b) > d(A, B) >
0. Since (ZUE) NI C I, and since A, B € B(R), we have

m((AnHu(BNI))=m"((AUuB)NI)<m(I) <m* (AUB)+§
Since m is additive(it’s a measure), we have

m(ANI)+m(BNI)<m*(AUB)+§

Moreover A C ANI and B C BNI. Thenm* (A)+m* (B) < m (ANI)+m (BNI) <m*(AUB)+
J. Letting ¢ | 0, we obtain m* (A) + m* (B) < m* (AU B) as desired.

Problem 6

Assume that you know the function

fulz) = /On ot (1 — %)ndt

is well defined for all z > 0 and n € N.
(a) Apply a convergence theorem to show that lim,,_, f, () exists for all z > 0.
(b) Write down the full statement of the convergence theorem you used in (a).

Solution. (a) For all x > 0 and for each n € N, we have

fe = [ e (1=) Lo (a0

where \ designates the usual Lebesgue measure on R. Define g, () := t*~1 (1 — £)" Ljg, (¢), for

all t > 0. We have for all ¢t > 0
rz—1 t "
|gn.e ()] = |t - - Liom ()

_ t\"

_ t:pflenln<l—%) H[O,n] (t)
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Notice that for all 0 < £ <1, In(1 —¢) < —&.(This is true even when £ < 0.) Then

a;_ln—i r—1 _—t
n,r ~X n ~ .
gne ()] < e 1 (£) < 76

Define h, (t) :=t*" e~ for all ¢ > 0 which is indepedent of n. We claim that &, is integrable for all
x > 0. Indeed h, is integrable on each compact [a, 3] C (0,00) where 0 < a < 8 < oo since

Casel: 0<x <1

0< B e P (B—a)< / " et dA (1) < o e < oo
[, ]

Case2: x >1

0<a” e < / t" et (t) < BT e < 0.
[a,8]

We therefore must only study the convergence of the integral at 0 and oco. First, in any neigh-

borhood (0, €] of 0, where ¢ > 0 is viwed as small, we have h, (t) = o(t*~!). Then f(o g 77t =

0( f(oﬂ t“*ldt>. But, fm t27rdt = limgsc 550 fW] "7t = limgeseeso (S — %) = £ < .

Hence, h, is integrable in any neighborhood of ¢ = 0. In the same vein, at any neighbor-
t

hood [M, 00 ) of oo, where M > 0 is viwed as large, we have h, (t) = o (eﬁ). But we know
0< f[M 00) e~idt =22 < 00 making e~ ! integrable. Hence, h, is integrable in any neighborhood
of co. These facts allow the conclusion that h, is integrable in (0, 00). Additionally, we check that
Gna (t) — t*te™" as n — oo pointwisely. To see this, notice that for all ¢ > 0, there exists ng € N
so that ng > t. Then for all n > ny(in particular, n does depend on t):

‘gn,w (t) — tx_le_t| =" €n1n(17%>1[0,n] (t)—e | =1 (%) — et 0 ,asn — 00.

We can therefore apply the Lebesgue Dominated Convergence Theorem to conclude that

lim f, (z) = /(0 lim g, (t)d\(t) = /(O )tx—le—tdA (t) = /0 t"le7tdt =T (x).

n—o0 700) n—oo

(b) Statement of LDCT(cf. Edwin Hewitt and Karl Stromberg)
Let the measured space (X, A, i) be given.

Statement of Lebesque Dominated Convergence Theorem. Let {f,} —, be a sequence of extended
real-value, A—measurable functions each defined a.e. on X, and suppose there exists a function h

in L' (X) such that for each integer n, the inequality |f, (z)| < h (z) holds a.e. on X. Then
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(1) /hmfnd,u hm/ fndp; and
X

n

(17) / lim f,dp > lim/ fndp.
x " noJX

Put differently,
/hmfnd,u hm/ fndp < hm/ frdu < /and,u.
X n

If additionally lim,, f,, (z) exists for y—almost every = on X, |'| then / lim f,dp exists and
X n

(vi1) lim/ fndu:/ lim f,dpu.

Problem 7

Let 1 < p < oo and f € LP (R). Denote by m the Lebesgue measure on R.
(a) Prove that lim,.om [{z € R:|f(x)] = n}] =0.
(b) Prove that the set {x € R :|f(z)| # 0} is o—finite.

(c) Prove that m[{z € R: |f(x)| = oco}] = 0.

Solution. (a) We have for each integer n, /|f|p dm = / |fI? dm +/ IfIP dm >
R {If1=n} {IfI<n}

[P dm s e ({1f] > ). Then ml{l] >}l < o
{lf|I=n} n

1
the bound —p/ |f|? dm goes to 0. Hence limm [{|f| > n}] = 0.
n R n

|f|” dm. Since/|f]p dm < o0,
R

(b) We have {|f| # 0} = U {n—1<|f| <n},andforeachn, m[{n —1 < |f| < n}]=m[{|f]| >n—1}]—
n=1

m [{|f| > n}] is finite since for each positive integer k, 0 < m [{|f]| > k} < m[{|f] = k — 1}] < c0.

Notice that m [{|f| = n}] — 0 implies {|f| > n} is bounded, therefore finite.

(c) {If| = 0o} = (N,51 An wherer A, := {|f| > n} which satisfies A,, D A, 41 D .... Since for all pos-
itive integers m ({|f| = n}) < oo, it follows that m [{|f| = oo}] = limm [A4,] = limm [{|f| = n}] =

0.

'his means f,, converges pointwisely p—almost everywhere on X.
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Problem 8

Denote by m the Lebesgue measure on R. Let £ C R be a measurable set with m (E) < oo.
Suppose F': E — R is a measurable function, so that f (z) > 0 for a.e. © € E. Prove that if {E,}
is a sequence of measurable subsets of F, so that

lim | f(z)dz=0

n B,
then lim,, ., m (E,) = 0.

Solution. Consider B = {z € E : f(x) > 0}. Since B has E’s full measure, for each positive integer

n, fdm = / fdm = / 1g,npfdm. By Fatou’s lemma,
En E.NB R

0</li_m]lEntfdméli_m/]lEntfdmzo.
R n Jr

Then fR lim 1g,~Apfdm = 0. Using the fact f > 0 on B, we actually have lim 1p, ~pf = 0 which

implies lim 15 ~p = 0. Now for each positive integer n,
n

iup lg,np < Iy= (g = limlg,np < 1i_>m 1y, (EnB)
27’1/ n n (o] =
— mﬂEntdm é/ lim ]lUk>n(EkﬂB)dm'
i >

R n n—oo

[e.e]

Additionally, the sequence {ILUk> (BN B)} is a sequence of real valued measurable functions each
2n 1

n=

defined on R , such that for every positive integer n, )ﬂuk>n(}3k03) (3:)‘ < 1g (x) for all x € R with

/ Igdm = m (FE) < co. Then, all the conditions for the application of LDCT are met, and therefore
R

/ lim ]]_Uk>n(EkﬂB) = lim ILUk>n(EkﬂB) = lim m (U (Ek N B)) .
R

n—00 n—oo [p n—00
k>n

Moreover |J,.,, (Bx N B) = Ui, (Ex N B) \ U,Z; (Ex, N B). Then

lim m (U (Ej ﬂB)) = lim [m (G (Ej ﬂB)) —m (D (Ej ﬂB))

k=1

=0.

Hence lim,, 1 g.nB = 0 a.e. Consequently, lim, 15,np = 0 a.e. Then by dominated convergence, we
have
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limm (Ex N B) = lim/ 1p,Apdm = / lim 1 g, ~gdm = 0.

Finally notice that m (E,,) = m (E, N B)+m (E, N (E\ B)) = m (E, N B). Therefore lim, m (E,) =
0.
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