Analysis, Clemson Preliminary Exam: January 2024

Hamilijaona Elmar

Problem 1

Let (X,d) be a metric space and let {K,},., be a sequence of compact sets.

(a) Prove or disprove: (., is compact.
(b) Prove or disprove: ., is compact.

Solution. (a) Plainly, K is closed, hence complete because as X is compact, it is also complete.
Now we prove that K is totally bounded. Let ¢ > 0 be arbitrary. For each n € N there exists
{x?}ij\il C K,, N € N so that UKKN B (") D K,. We have that ﬂ@l UKKN B (") D K.
Since ﬂ@l U1<i<N B (x) = UKKN ﬂwl Be (1), then given any y € K, there exists a positive

2

z; € Be (y). Notice that a € By (b) if and only if d (a,b) < 4 if and only if b € Bs (a) which implies

integer 1 < ¢, < N so that foralln > 1,y € Bé (:1:’2) Put differently, for all n > 1, we have

Bas (b) D Bs (a). Thus we have for each positive integer n, Be <$Z> C B (y). In other words, for
each 1 < j <, there exists y; € K so that Bg (27) C Be(y;) for all n € N. Then -, B (27) C
Be (y;). Hence we found {y;}, ;. C K satisfying U;V:1 B. (y;) D Ujvzl Ne (27) D K. Hence K is
totally bounded, consequently it is compact.

(b) X =10,1], K,, = [0, 1— l]. We have X is compact and, for each positive integer n € N, K, is

n
compact. Yet |J,~, K, = [0, 1) is not compact because it is not closed.

Problem 2

Consider the Banach space C ([0, 1]) consisting of all continous functions f : [0,1] — R, equipped
with the supremum norm || f|| . = sup,c) |f ()| Consider the operator T": C'([0, 1]) — C' ([0, 1])
given by

Tf(z) = /0 e (y) dy.

(a) Prove that T is bounded.
Compute ||T||. Justify your answer.

Solution. (a) For all f € C([0,1]) and for all x € [0, 1], we have
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Tf (x)] =

1 1 1
e”yf(y)dy‘é / e f ()| dy < ( / 6%) 1l
0 0 0
1 1 [e'e)
Then |Tf]., < (sup / exydy> 1l < ( [ s dy> 1l = ( / eydy> T
z€[0,1] Jo 0 z€[0,1] 0

Hence T bounded with || T|| < e — 1.

! et —1

(b) We have for all z € [0,1], |T1(z)| = / edy = =: F'(z). F is differentiable in
T

0
(0,1) and we have that F'(z) = &=H<&H — l(%) = % > 0 for some 0 < 6 < .

x? x x
Hence F' is monotonically increasing. Then for all z € [0,1], we have F(z) < F (1) = e — 1.
Then sup,eq; F () = e — 1. Hence [|[T1]|,, = sup,eoq|T1(z)| = e — 1 which implies [|T[| =

Tl ~ 1Ty
SUP 0 71 20 2 oo =€~ L

Problem 3

Let {z,,} be a sequence in a normed linear space(n.l.s) (X, ||-||) and X € X.

(a) Prove that if x,, — x, then % o
(b) It is not always true that if x1+'7'1'+x” — x, then z,, — x. Provide a counterexample.
(¢) Prove that if #52%8 — 2 then L2 — 0.

Solution. (a) Let € > 0 be given. There exists N € N so that ||z, — z|| < e whenever n > N. Then
for all n > N, we have

1 n 1 n 1N—1 1 N
ﬁin—x = |2 (@i —2)| < EZ(%‘—CL’) + EZ(%—@

=1 =1 =1 i=N

1 N-1 1 n
< IS @ o|| 4 i al
=1 i=N
N-1 N—
1 (n—N—I— )€ 1

But since N is fixed, it follows that HZf\;l (x; — ZL‘)H < ne whenever n > N’ for some N’ € N.
Therefore for all n > max {N, N'},

1 n
—in—x < e+ €= 2e.
n -
=1
In addition, € > 0 was arbitrary. This implies that lim,, .. H 1 i T — xH = 0.

(b) Tt suffices to find a sequence {,},. such that > " z; grows slower that n. For example, it
is enough to find {z,},-, with > " 2; = O (logn). Consider the sequence of real numbers {z,},,
defined for each positive integer n by
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1 ifn =2* for somek € N
Tp = .
0 otherwise.

We have for each n € N, T = %’“’“’S. If 28 < z,, < 21 the number of 1’s is

k =log, (2F) = O (log, (n)). nThen,
2ic1 T —0 <log2 (n)) _

logy(n) i Ti =0.

= 0, it follows that lim,, ., ==

Since lim,,_o

Another example exploits the compensation phenomenon. Consider x,, = (—1)". Due to compen-

sation, we have for each n € N,
1+ -+, . . .
—— = 0 or 1 according to wether n is an even integer or an odd. In any case, we have

n
that W — 0 when n — o0.

(c) Assume lim,, H LN i — xH = 0. Then we have for each n € N,

T, 1 n 1n71 1 n 1n71
|21 = ﬁ;‘zzxi N EP R b PP
Zx—x n—1 1 nz_:lx'— n -
! n—1<% Y on—1
n—1 2 —1 n
sz—x - n_lzmz—x Hx—n_lx
n—1
sz_x "l n_lle—x o]

n

Since each of the last three terms goes to 0, we conclude that H xn—"H — 0 asn — oo.

Problem 4

Let X be the set of all real sequences {x,} with finitely many non-zero terms, i.e., x,, # 0 only for
a finite number of n € N. Define an inner product (-,-) : X x X — R by

(1) Prove or disprove: (X, (-,-)) is separable.
(2) Prove or disprove: (X, (-,-)) is complete.

Solution. (1) Let D = {{Qn}n>1 : ¢n € Qand ¢, # Oonly for finitely many qn}. Plainly we have that
D ~ Uyen QY (equipotent), therefore D is countable. Let {z,},., C X. Let € > 0 be arbitrary.
Since x,, # 0 only for finitely many n’s, it follows that =, = 0 for all n > N for some N € N. For
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each 1 < i < N, there exists ¢; € Q so that |x; — ¢ < \/LN This results from the denseness of QQ in
R. The sequence ¢ := {q1,...,qn,0,...} belongs to D. It moreover satisfies,

lz = qll = v {zn} {an}) =

oo
Z |z — g <
=1

Hence D is both countable and dense proper subset of X, implying that X is separable.

(2) Consider the sequence {y,} defined for each n € N by y, = {27}, where for each i > 1

0 otherwise

{Q_i whenz < n

Plainly we have for each n, y, € X. For allm >n > 1,

lym = ynll = ([ D | —apP = | D127 =27+ ) i = ) 2 | Y 2
=0 =0 i=0 =n i=n

Since ), ., 27%" is convergent, it must be true that ), 27* — 0 when n — co. Consequently,
|Ym — ynll — O whenever m,n — oo. Hence {y,} is Cauchy. Yet, its limit which is y := {27}%,
does not belong to X.

Problem 5

Let X be a inner product space.

(a) For z,y € X \ {0}, define T = ﬁ and §y = W Prove that

-7 =
BN

(b) Prove that [l —y| [|2]| < llz = 2|l lyll + Iz =yl [|=[| for all z,y,z € X.

Solution. (a) Let ¢ be the inner product X is equipped by with. Then, given z,y € X \ {0}, we
have

1 n 1 2
= 2 7~ 2 2P
Nzl lyll™ =)™ llyll

— —112 — — —
|

=@ -5.2-7) = zI’ + |7l — 20 (. 9) (z,y).

But 2¢ (2,y) = [|z]* + ly[l* — ||z — y|*. Then

_ 1 " 1 1
- 2 2 2 2
[ 72 3 1 711

o= yl\?
[l + Iyl = 1z — yl?) = (— .
( ) = el
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= _ = — ==yl
Hence |7 —3l| = j-
(b) Let x,y, z € N be given. Define T = W, Y= W and 7 = W Using the previous result, we
have
|z —yl - e -
[z =yl 1zl = I {|z]] ly| T 2 [yl 1z =7l < =l ] [yl (i =2zl + [y = =)

lz ==l lly ==l
2l =0 Myl 1=l

= [l [l ( ) = [lz =2l lyll + ly = 2[[ ][l

Problem 6

Let (X, F,u) be a measure space. Show that if A, B € F and p(AAB) = 0 then p(A) = pu(B).
Recall that AAB = (A\ B)U (B\ A).

Solution. We have A = (ANB)U(A\B) and B = (BNA)U(B\A). If u(AAB) = 0, then
by p—additivity u(A\ B) + u(B\ A) =0, ie., u(A\ B) =0 = pu(B\ A). In addition, again by
p—additivity, we have

p(A)=p(ANB)+pn(A\B)=p(ANB)=pn(BNA)+pu(B\A)=up(B).

Problem 7

Let f € L? (0,00). Prove that

lim Mdz =0.
n—o0 Jq 1 + nx

Solution. By Holder’s inequality, for each n € N,

1

00 f(x) (/oo 1 )2
dr < (1+nz)?
. x Hf”L2(0,<>O) 0 (1+nx)2

where [|f||12(0,0) 18 the norm-2 of f which is finite because f € L*(0,00). Now define for each

neN, gn(r) = (1+Lz)2

everywhere on (0, 00) and g, — 0 pointwise on X. Additionally, for each n € N,

for all x > 0. Then {g,} is a sequence of measurable functions, each defined

lgn ()| < =:h(z) ,for allz > 0,

(14 )
. <1 1 .

with hdp = sdr = ( ———| = 1, p being the Lebesgue measure on R.

(0.5) o (I1+) L+,

Lebesgue dominated convergence theorem therefore implies that

o
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o 1 o 1
lim [ ——dr = / lim ——dx = 0.
n—=o o (1+nx) o n2 (14 nx)

Consequently, this proves that lim,, . fooo ﬁfl)x dx = 0.

Problem 8

Recall that a sequence {f,} of integrable functions converges in L! to an integrable function f if

fim [ 1, ()~ £ () du () = 0.

n—oo
Provide

(a) a sequence {f,} of integrable functions that converges uniformly to 0 function but does not
converge in L.

(b) a sequence { f,} of function functions that converges in L' to the 0 function but does not converge
pointwise.

Solution. (a) Consider f, = %ﬂ[o,n], and let p denote the Lebesque measure on R. For each n € N,
we have | foll SuPser [fn (2)] = £. Then || fu]l, — 0 when n — oo making {f,} to converge
uniformly to the 0 function. Yet, for all n € N, [;, 1, dp () = 2 ([0,n]) =1 / 0 when n — oo.
(b) [Classic] X = [0,1], M = B(]0,1]) and p =Lebesgue measure. For each n, define f, := 1,,
where J, = [#, g,f—fl} with k& € N is the unique non negative integer that satisfies 2% < n < 2++!
and j :=n — 2F. We have for each n € N,

J 1@ ta) = /M Ly () ds(o) = () = o < L

Now let z € [0,1] be given. For all k € N, [0,1] = 2501_1 (55, &%) = ?igl_l Joipp. Then
x € Jokyy, , for some 0 <l p < 21 On the set B := Uizt Jox4e,, We have foiyy () =1/ 0 as
1 — 00. In addition,

lon Lo +17) 1
pw(B) > M(J2+£z,1) =p ([2—21712—2}> =1 > 0.

Problem 9

Let {f.} be a sequence of characteristic functions of measurable sets in R so that {f,} converges
in L' . Prove that f coincide almost everywhere with a characteristic function of a measurable set.

Solution. Since for each n € N, f,, is a characteristic function, we have that f, (z) € {0,1} C [0, 1]
and [0, 1] is compact. Since f,, — f pointwise, necessarily f (x) € [0, 1] for all z € R. Assume there
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exists B € B(R) such that u(B) > 0 and on which f (z) € (¢,1 —¢) for some 0 < € < 1 (actually
it is enough to take 0 < € < %) Then on B, we have

|[fo (2) = f(2)] > e

Then it would follow that lim, o |f, (z) — f ()] = € > 0 on the measurable set B with positive
measure, contradicting the fact that f, — f pointwise a.e. Hence f must be a {0,1} —valued
function a.e.. In other words, f must be pu—a.e. the characteristic function of a measurable set.

Problem 10

Let p* be an outer measure on R with the property that for any two sets U,V C R, if (U, V) >0
then p* (UUV) = pu* (U) + p* (V). Prove that every Borel set is p* measurable.

Solution. Let B € B(R) be a closed subset of R. For each n € N, consider the sequence of
subsets of R defined by K, = {z € R:d(z,B) > +}. The set 4, := (AN B)U (BN K,) satisfies
w (A,) =p* (AN B)+p* (BN K,) because 1fd (A NB,BNK,)= 0 there would exists {(ax, b)} €
(AN B) x BﬂKn C B x K,, such that 0 = limkﬁood(ak,bk). But for each k € N, d(ax,by) >
d(B,b,) = d(bg, B) > = > 0 which is excluded. Hence d (AN B, BN K,) must be positive. In
addition, since A, C A we have that p*(A) > p*(A4,) for all n € N. Since {AN K, } is non
decreasing, we hav lmy oo pi* (AN Ky) = p* (U1 ANK,) = p(An{z eR:d(z,B) > 0}) =

w (A N §,> = p* (AN B’) because B is closed. Then p* (A) > lim, o pu* (A4,) = p* (AN B) +
lim, oo " (AN K,,) = p* (AN B)+u* (AN B'). Therefore any closed subset of R is * —measurable.

Next consider M := {F C R: E is u* — measurable}. Plainly M # () since it contains all the
closed subsets of R. In particular ), R € M. Let E € M be given. For all A C R, we have that
p(A) = pn(ANE)+pu(ANE) = n(ANE) + p (AN (E)) which implies E' € M. Finally, let
{Ek},@1 be a countable family of pairwise disjoint p*—measurable of sets. We have for all A C R
(0 —subadditivity)

s o ) o o) e o 0]

We prove by induction on p that

:ZM*(AmEn)+u*<Am<U En)) (%)

n=1 1<n<n

For p = 1, we have p(A) = p* (AN Ey) + p* (AN E]) which is true since F; is p*—measubrable.
Suppose is verified at a step p. Since E,; is p*—measurable, we have

IThis is because p* is continuous from below for increasing sequences (a property of outer measures).
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pr(A) = p (AN Ep) + 1 (A N E;H—l)

P p !
:u*(AmEpH)jLZM*(AmEpHmEn)+M* (AmE;Hm (U En>>

n=1 n=1
n+1 p+1 !
=> W (ANE,) +u" Am(UEn>
n=1 n=1

Additionally, the sequence pu* ({Uﬁ:1 En}/) is non increasing and bounded below by the number
p (AN (U2, En)). Taking limits, we obtain

u*(A)}i,u*(AﬂEn)—i—,u* (Aﬂ <DE”> >

Thus p* (A) = >00 5 (ANE,) + p* (AN (U2, E,)'). Hence M is a o—algebra containing the
closed sets. Therefore B (R) C M.
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